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Mirror Descent and Convex Optimization e
Problems with Non-smooth Inequality
Constraints
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Abstract We consider the problem of minimization of a convex function on a
simple set with convex non-smooth inequality constraint and describe first-order
methods to solve such problems in different situations: smooth or non-smooth
objective function; convex or strongly convex objective and constraint; deterministic
or randomized information about the objective and constraint. Described methods
are based on Mirror Descent algorithm and switching subgradient scheme. One
of our focus is to propose, for the listed different settings, a Mirror Descent with
adaptive stepsizes and adaptive stopping rule. We also construct Mirror Descent
for problems with objective function, which is not Lipschitz, e.g., is a quadratic
function. Besides that, we address the question of recovering the dual solution in
the considered problem.
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8.1 Introduction

We consider the problem of minimization of a convex function on a simple set with
convex non-smooth inequality constraint and describe first-order methods to solve
such problems in different situations: smooth or non-smooth objective function;
convex or strongly convex objective and constraint; deterministic or randomized
information about the objective and constraint. The reason for considering first-
order methods is potential large (more than 10°) number of decision variables.

Because of the non-smoothness presented in the problem, we consider sub-
gradient methods. These methods have a long history starting with the method
for deterministic unconstrained problems and Euclidean setting in [28] and the
generalization for constrained problems in [25], where the idea of steps switching
between the direction of subgradient of the objective and the direction of subgradient
of the constraint was suggested. Non-Euclidean extension, usually referred to as
Mirror Descent, originated in [17, 19] and later analyzed in [5]. An extension
for constrained problems was proposed in [19], see also recent version in [6].
Mirror Descent for unconstrained stochastic optimization problems was introduced
in [16], see also [12, 15], and extended for stochastic optimization problems
with expectation constraints in [14]. To prove faster convergence rate of Mirror
Descent for strongly convex objective in unconstrained case, the restart technique
[18-20] was used in [12]. An alternative approach for strongly convex stochastic
optimization problems with strongly convex expectation constraints is used in [14].

Usually, the stepsize and stopping rule for Mirror Descent requires to know
the Lipschitz constant of the objective function and constraint, if any. Adaptive
stepsizes, which do not require this information, are considered in [7] for problems
without inequality constraints, and in [6] for constrained problems. Nevertheless,
the stopping criterion, expressed in the number of steps, still requires knowledge of
Lipschitz constants. One of our focus in this chapter is to propose, for constrained
problems, a Mirror Descent with adaptive stepsizes and adaptive stopping rule.
We also adopt the ideas of [21, 24] to construct Mirror Descent for problems
with objective function, which is not Lipschitz, e.g., a quadratic function. Another
important issue, we address, is recovering the dual solution of the considered
problem, which was considered in different contexts in [1, 4, 23].

Formally speaking, we consider the following convex constrained minimization
problem

min{f(x): xeXCE, gkx)=<0} 8.1)
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where X is a convex closed subset of a finite-dimensional real vector space E, f :
X — R, g : E — R are convex functions.

We assume g to be a non-smooth Lipschitz-continuous function and the problem
(8.1) to be regular. The last means that there exists a point X in relative interior of
the set X, such that g(x) < 0.

Note that, despite problem (8.1) contains only one inequality constraint, consid-
ered algorithms allow to solve more general problems with a number of constraints
given as {g;j(x) < 0,i = 1,...,m}. The reason is that these constraints can be
aggregated and represented as an equivalent constraint given by {g(x) < 0}, where
g(x) = max;=1, .. m &g (x).

The the rest of the chapter is divided in three parts. In Sect. 8.2, we describe
some basic facts about Mirror Descent, namely, we define the notion of proximal
setup, the Mirror Descent step, and provide the main lemma about the progress
on each iteration of this method. Section 8.3 is devoted to deterministic constrained
problems, among which we consider convex non-smooth problems, strongly convex
non-smooth problems and convex problems with smooth objective. The last,
Sect. 8.4, considers randomized setting with available stochastic subgradients for
the objective and constraint and possibility to calculate the constraint function. We
consider methods for convex and strongly convex problems and provide complexity
guarantees in terms of expectation of the objective residual and constraint infeasi-
bility, as long as in terms of large deviation probability for these two quantities.

Notation Given a subset / of natural numbers, we denote |/| the number of its
elements.

8.2 Mirror Descent Basics

We consider algorithms, which are based on Mirror Descent method. Thus, we start
with the description of proximal setup and basic properties of Mirror Descent step.
Let E be a finite-dimensional real vector space and E™* be its dual. We denote the
value of a linear function g € E* at x € E by (g, x). Let || - || g be some norm on E,
| - llg.« be its dual, defined by ||gllg.« = max {{g.x), Ixllg < 1}. We use V f(x)
to denote any subgradient of a function f at a point x € domf.

We choose a prox-function d(x), which is continuous, convex on X and

1. admits a continuous in x € X° selection of subgradients Vd(x), where X Ocx
is the set of all x, where Vd(x) exists;
2. d(x) is 1-strongly convex on X with respectto || - || g, i.e., forany x € X%,y € X

d(y) —d(x) — (Vd(x),y —x) = L}y — x||3.

Without loss of generality, we assume that mi)r(l d(x)=0.
xe
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We define also the corresponding Bregman divergence V[z](x) = d(x) —d(z) —
(Vd(2),x —z),x e X,ze X 0. Standard proximal setups, i.e., Euclidean, entropy,
£1/€2, simplex, nuclear norm, spectahedron can be found in [8].

Given a vector x € X°, and a vector p € E*, the Mirror Descent step is defined as

x4 = Mirx](p) := argmin {(p, u) + VIx1(w)}

= arg}lnei}(l {(p.u) +du) — (Vd(x), u)}. (8.2)

We make the simplicity assumption, which means that Mirr[x](p) is easily com-
putable. The following lemma [7] describes the main property of the Mirror Descent
step. We prove it here for the reader convenience and to make the chapter self-
contained.

Lemma 1 Let f be some convex function over a set X, h > 0 be a stepsize, x € X°.
Let the point x4 be defined by x4 = Mirr[x](h - (Vf(x) + A)), where A € E*.
Then, for any u € X,

he(f)— f@) + (A x—u)) <h - (Vf(x)+A,x —u)
/’12
=, Vi + Allg, + VIxXI@) — VIx @)

(8.3)

Proof By optimality condition in (8.2), we have that there exists a subgradient
Vd(x4), such that, forall u € X,

(h-(VFf(x)+A)+Vd(xy) —Vd(x),u —xy) > 0.
Hence, forallu € X,

(h- (V) + A), x — u) (8.4)
< (h-(VF@) + A)x —x1) + (Vd(xy) — Vd(x), u — x4)
= (- (V@) + A), x — x3) + (d@) — d(x) — (Vd(x), u — x))
— (@) — d(xs) — (Vd(x1), u — x1))
— (d(xy) —d(x) = (Vd(x), x4 — x))

1
< (h- (V@) + A), x —x4) + VIx]@w) = VIxy](w) - 2||X+ —xlI%

/’12
< VI = Vi) + ) 1V F @) + D).
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where we used the fact that, for any g € E*,

X{g,y) — 1|| V||25 = 1|| ||ZE
max(g, .
yeE § 2 2 EUE.«

By convexity of f, we obtain the left inequality in (8.3). O

8.3 Deterministic Constrained Problems

In this section, we consider problem (8.1) in two different settings, namely, non-
smooth Lipschitz-continuous objective function f and general objective function
f, which is not necessarily Lipschitz-continuous, e.g., a quadratic function. In both
cases, we assume that g is non-smooth and is Lipschitz-continuous

lg(x) =g = Mgllx —yllg, x.y€X. (8.5)

Let x, be a solution to (8.1). We say that a point X € X is an &-solution to (8.1) if

FE — fx) <e, g <e. (8.6)

The methods we describe are based on the of Polyak’s switching subgradient
method [25] for constrained convex problems, also analyzed in [21], and Mirror
Descent method originated in [19]; see also [7].

8.3.1 Convex Non-smooth Objective Function

In this subsection, we assume that f is a non-smooth Lipschitz-continuous function

[f(x) = fODI =Mglix —yle, x,yeX. 3.7
Let x, be a solution to (8.1) and assume that we know a constant ®g > 0 such that
d(xy) < ©F. (8.8)

For example, if X is a compact set, one can choose @g = maX,ex d(x). We further
develop line of research [1, 4], but we should also mention close works [6, 23].
In comparison to known algorithms in the literature, the main advantage of our
method for solving (8.1) is that the stopping criterion does not require the knowledge
of constants My, M,, and, in this sense, the method is adaptive. Mirror Descent
with stepsizes not requiring knowledge of Lipschitz constants can be found, e.g., in
[7] for problems without inequality constraints, and, for constrained problems, in
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Algorithm 1 Adaptive mirror descent (non-smooth objective)
Input: accuracy ¢ > 0; O s.t. d(xy) < @g.

1 20 = argmind(x).

xeX

2: Initialize the set / as empty set.

3: Setk =0.

4: repeat
if g(x*) < ¢ then

6 My =V f D)l E
. _ &
7: hy = M2
8: XK1 = Mirr[x*1(h V £ (x%)) (“productive step™)
9: Add kto 1.
10: else
11 My = |V (D)l
B — €&
12: hy = 2
13: KU = Mirr[x* ] (hg Vg(xk )) (“non-productive step”)
14: end if
15: Setk=k+1.
k—1 2
. 20,
16: until . A/}Z. >
j=0 "
3 hixt

iel

Output: ¥ := S

iel

[6].The algorithm is similar to the one in [2], but, for the sake of consistency with
other parts of the chapter, we use slightly different proof.

Theorem 1 Assume that inequalities (8.5) and (8.7) hold and a known constant
®g > 0is such that d(x,) < @g Then, Algorithm 1 stops after not more than

2 max{M2, Mgz,}@g
k= o2 (8.9)

iterations and x* is an e-solution to (8.1) in the sense of (8.6).

Proof First, let us prove that the inequality in the stopping criterion holds for k&
defined in (8.9). By (8.5) and (8.7), we have that, forany i € {0, ...,k — 1}, M; <

k—1 12
: 1 k 267
max{M s, M¢}. Hence, by (8.9), /go I > max(M2 M2} 2 e
Denote [k] = {i € {0, ...,k —1}}, J = [k] \ I. From Lemma 1 with A = 0, we
have, foralli €  andallu € X,

. B2 . . .
hi - () — f@w) < ) IV£GOHIE . + VI — VX @)
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and, foralli € Jandallu € X,

. n2 . . .
hi - (g(x') — gw) < ) IVeGHIIE., + VIx' 1) — VIx ).

Summing up these inequalities for i from O to kK — 1, using the definition of 4;,
i €{0,...,k— 1}, and taking u = x,, we obtain

D ohi(FE) = Fr0)+ Y hi(g(xh) — glx.)

iel ieJ
h2 M2 h?M? ; -
=2 A D (VI = VI )
iel iel i€lk]
€ 2
< Z hi + OF. (8.10)
i€lk]

We also used that, by definition of x9 and (8.8),
VIXOl(x) = d(xy) — d(x°) — (Vd(x%), x, — x%) < d(x,) < 6.

Since, fori € J, g(x') — g(xs) > g(x’) > &, by convexity of f and the definition
of ¥, we have

(Z m) (FE) = F0) = Yo (FOD) = f0) <0 Y hi—e Y hi+ 6§

iel iel i€lk] ieJ

2
:thi—‘; Zﬁizjt@gerhi, (8.11)

iel ielk] i iel

where in the last inequality, the stopping criterion is used. As long as the inequality
is strict, the case of the empty / is impossible. Thus, the point i is correctly defined.
Dividing both parts of the inequality by Y &;, we obtain the left inequality in (8.6).
iel
Fori € I, it holds that g(x’) < &. Then, by the definition of ¥ and the convexity
of g,

-1
g(fk) = (Z h,’) Zh;g(xi) <e.

iel iel
[

Let us now show that Algorithm 1 allows to reconstruct an approximate solution
to the problem, which is dual to (8.1). We consider a special type of problem (8.1)
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with g given by

g(x) = omax {gi(0)}. (8.12)

,,,,,

Then, the dual problem to (8.1) is

00y =min{f@)+ Y hg@)| > max Q). (8.13)

i>0,i=1,....m
. 1Y ’ ’
i=1

where A; > 0,i = 1, ..., m are Lagrange multipliers.
We slightly modify the assumption (8.8) and assume that the set X is bounded
and that we know a constant ®y > 0 such that

maxd(x) < ©F.
xeX
As before, denote [k] = {j € {0,...,k —1}}, J = [k]\ . Let j € J.

Then a subgradient of g(x) is used to make the j-th step of Algorithm 1. To find
this subgradient, it is natural to find an active constraint i € 1,...,m such that
g(xj) = gi(x/) and use Vg(x/) = Vgi(x/) to make a step. Denote i(j) €
1,...,m the number of active constraint, whose subgradient is used to make a
non-productive step at iteration j € J. In other words, g(x/) = 8i( j)(x/ ) and
Vg(x/) = Vgicjy(x’). We define an approximate dual solution on a step k > 0 as

- 1
k .
jel JjeJ,i(j)=i

and modify Algorithm 1 to return a pair (¥, ).

Theorem 2 Assume that the set X is bounded, the inequalities (8.5) and (8.7) hold
and a known constant ®q > 0 is such that d(x,) < (H)g. Then, modified Algorithm 1
stops after not more than

2 max{M?Z, M;}(H)g
k =
g2

iterations and the pair (x*, A¥) returned by this algorithm satisfies
fE =0 e g <e. (8.15)

Proof From Lemma 1 with A = 0, we have, forall j € I andall u € X,

. h? ‘ . )
hi(f@) = f@) = JIV DI, + Vi@ - Vi w
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and, forall j € Jand all u € X,

hi(gicH) — gighH@) < hj(Vgi (D), x/ — u)
=h;(Vg(x!), x) —u)
2
< 2’ IVgGeDIZ , + VIx/ @) — VI ).

Summing up these inequalities for j from O to k — 1, using the definition of 4,
j€{0,...,k— 1}, we obtain, forall u € X,

S ohi(feh) = F@) 4+ k(i (e7) — i)

jel jeJ
h2 M2 h2M? , ;
< Z 12 T+ Z Jz T+ Z (VIx/ 1) — VIx' @)
iel jed JEM]

&
<, > hj+65.
JElk]

Since, for j € J, gi(j)(xj) = g(x/) > &, by convexity of f and the definition of
)?k, we have, forall u € X,

S | (1@ = 1) = Xohy (F6D) = fw)

Jjel jel
8 .
) Z hj+ @g - Zhj(gi(j)(x]) —gi(Hw))
JElk] jeJ
&
~2 D i+ 05 —e Y hi+ Y hjgiH@)
Jelk] jeJ je
&2 1 )
=D hi= 1y D 4 TOGH D hisicn(®
Jel jetk1 el
<e) hi+ Y higiH, (8.16)
Jjel jeJ

where in the last inequality, the stopping criterion is used. At the same time, by
(8.14), forall u € X,

Zhjgi(j)(”)zz Z hjgi(j)(u) = Zh/ Z)_»fgi(u)-
i=1

jeJ i=1 jed,i(j)=i jel
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This and (8.16) give, forall u € X,

dohi | @ < | D ohy (f(u)+s+2i{?g,»(u)).

jel jel i=1

Since the inequality is strict and holds for all # € X, we have (Z h j) # 0 and
jel

.ﬂﬂ><s+$g!fW)+§:M&wﬁ

i=1

— &+ 0Gh). (8.17)

Second inequality in (8.15) follows from Theorem 1. O

8.3.2 Strongly Convex Non-smooth Objective Function

In this subsection, we consider problem (8.1) with assumption (8.7) and additional
assumption of strong convexity of f and g with the same parameter u, i.e.,

f(y)Zf(X)Jr(Vf(X),y—X)Jrl;lly—XII%, x,yeX

and the same holds for g. For example, f(x) = x? + |x| is a Lipschitz-continuous
and strongly convex function on X = [—1;1] C R. We also slightly modify
assumptions on prox-function d(x). Namely, we assume that 0 = arg min,ex d(x)
and that d is bounded on the unit ball in the chosen norm || - || g, that is

2
d(x) < ,r WweX:xle =1, (8.18)

where §2 is some known number. Finally, we assume that we are given a starting
point xg € X and a number Ry > 0 such that ||xp — x*||% < R(2).

To construct a method for solving problem (8.1) under stated assumptions, we
use the idea of restarting Algorithm 1. The idea of restarting a method for convex
problems to obtain faster rate of convergence for strongly convex problems dates
back to 1980s, see [19, 20]. The algorithm is similar to the one in [2], but, for
the sake of consistency with other parts of the chapter, we use slightly different
proof. To show that restarting algorithm is also possible for problems with inequality
constraints, we rely on the following lemma.
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Lemma 2 Let f and g be strongly convex functions with the same parameter |1 and
X be a solution of the problem (8.1). If, for some x € X,

fE) — fx) <e, g <e,

then
My 2
o II¥ = Xullp < &

Proof Since problem (8.1) is regular, by necessary optimality condition [9] at the

point x,, there exist Ao, A > 0 not equal to O simultaneously, and subgradients
V f(x4), Vg(x4), such that

(AMV f(xx) +AVE(xs), x —x4) >0, VxeX, Ag(xy) =0.

Since A¢ and A are not equal to O simultaneously, three cases are possible.

1. Ao = 0and A > 0. Then, by optimality conditions, g(x,) = 0 and (AVg(x,), X —
Xxx) > 0. Thus, by the Lemma assumption and strong convexity,

- - 7. J7a.
&> g(®) 2 g0ra) + (Vg xa), £ —xa) + ) IF — 2l = ) I1F = xall
2. 29 > 0 and & = 0. Then, by optimality conditions, (AgV f (x4), X — x4) > 0.
Thus, by the Lemma assumption and strong convexity,

Fla)4e > F(B) > flon)+(VF(xe) F—xi)+ ’2‘ 1% —xel2 > £+ ’2‘ 15— xu 1

3. A0 > 0, A > 0. Then, by optimality conditions, g(x,) = 0 and (A0V f(xx) +
AVg(xy), X — x4) > 0. Thus, either (Vg(x,), X — xx) > 0 and the proof is the
same as in the item 1, or (V f(x4), X — x4) > 0 and the proof is the same as in
the item 2. |

Theorem 3 Assume that inequalities (8.5) and (8.7) hold and f, g are strongly
convex with the same parameter (1. Also assume that the prox function d (x) satisfies
(8.18) and the starting point xo € X and a number Ry > 0 are such that ||xo —
x*||% < R(z). Then, the point xp returned by Algorithm 2 is an g-solution to (8.1)
in the sense of (8.6) and ||xp — x4 ||12E < 3f At the same time, the total number of
iterations of Algorithm 1 does not exceed

pR2| 322 max{M7, Mg}
logy ", 7 | + s : (8.19)

Proof Observe that, for all p > 0, the function d,(x) defined in Algorithm 2 is 1-
strongly convex w.r.t. the norm || - || g/ R . The conjugate of this normis Ry || - || £, «-
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Algorithm 2 Adaptive mirror descent (non-smooth strongly convex objective)

Input: accuracy ¢ > 0; strong convexity parameter p; §2 s.t. d(x) < 522 Vx e X:|xllg <1;
starting point xo and number Ry s.t. ||xg — X4 ||2E < R(z).
1: Setdo(x) =d (X;go).
2: Setp=1.
3: repeat
4 SetR2=Rj-27P.
2
5: Setg), = M?” .
6 Set x, as the output of Algorithm 1 with accuracy &, prox-function d,,—1 (-) and 522 as @3.
7 dyx) < d (*;;‘P).
8
9:

Setp=p+1.

2

until p > log, M;;O.
Output: x,.

This means that, at each step k of inner Algorithm 1, M changes to My R,—1, where
p > 11is the number of outer iteration.

We show, by induction, that, for all p > 0, |lx, — x*||% < R,z,. For p = 0 it holds
by the assumption on xo and Ry. Let us assume that this inequality holds for some
p and show that it holds for p + 1. By (8.18), we have d), (x,) < '2 Thus, on the
outer iteration p + 1, by Theorem 1 and (8.6), after at most

2 max{M7, MZ}R?.
kpi1 = ) (8.20)

€p+1

inner iterations, x4 = xkr+1 satisfies

f(xp+1) — fxy) < Ep+l, g(prrl) = Ep+1,

2

WR
where ¢,41 = J*'. Then, by Lemma 2,

2€p+1 _ R2
— Sp+1-

Ixps1 — xalf <
Thus, we proved that, for all p > 0, ||x, — x*||% < R[% = R(% - 27P. At the same
time, we have, forall p > 1,

2 2

R R
e = ey =02 gy < M0 2
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2
Thus, if p > log, MZI:" , Xp is an g-solution to (8.1) in the sense of (8.6) and

_ 2¢e
lxp —xallp <RG-277 <.
"
Let us now estimate the total number N of inner iterations, i.e., the iterations of
. R R2 .
Algorithm 1. Let us denote p = ’710g2 MZSO —‘ According to (8.20), we have

p 2 max{M?2, M2}R?

O o (PR
p=1 p=1 8[7+1

1682 max{M7, M3}27

p
- 1+
2( )

322 max{M3, M2}2P 320Qmax{M?%, M?2)
<p+ .

u2R} e

IA
>
+

O

Similarly to Sect.8.3.1, let us consider a special type of problem (8.1) with
strongly convex g given by

g(x) = _max {gi0)}. (8.21)

..... m}

and corresponding dual problem

o) =min{ /() + Y hg0] > max ().

ief{l,...,
i=1 Petlm)

On each outer iteration p of Algorithm 2, there is the last inner iteration k, of
Algorithm 1. We define approximate dual solutionas A, = Ak where %7 is defined
in (8.14). We modify Algorithm 2 to return a pair (xp, Ap).

Combining Theorems 2 and 3, we obtain the following result.

Theorem 4 Assume that g is given by (8.21), inequalities (8.5) and (8.7) hold and
f, g are strongly convex with the same parameter . Also assume that the prox
function d(x) satisfies (8.18) and the starting point xo € X and a number Ry > 0
are such that ||xg — x*||%E < R(z). Then, the pair (xp, L) returned by Algorithm 2
satisfies

f(xp) - (/)()\p) <e, g(xp) <e.
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and ||xp — x*||%E < % At the same time, the total number of inner iterations of
Algorithm I does not exceed

R2 322 max{M?3, M?)
’710g2 H O—‘ + s
2¢e e

8.3.3 General Convex Objective Function

In this subsection, we assume that the objective function f in (8.1) might not satisfy
(8.7) and, hence, its subgradients could be unbounded. One of the examples is a
quadratic function. We also assume that inequality (8.8) holds.

We further develop ideas in [21, 24] and adapt them for problem (8.1), in a
way that our algorithm allows to use non-Euclidean proximal setup, as does Mirror
Descent, and does not require to know the constant M. Following [21], given a
function f for each subgradient V f (x) at a point y € X, we define

< Vx)
vyl = VIVF®les
0 Vix)=0

x_y>’ Vf(x)5£0
. xeX. (8.22)

The following result gives complexity estimate for Algorithm 3 in terms of
vr[x](x). Below we use this theorem to establish complexity result for smooth
objective f.

Theorem S Assume that inequality (8.5) holds and a known constant &y > 0 is
such that d(x,) < @3 Then, Algorithm 3 stops after not more than

2162
. "2max{1, Mg}OO—‘ (8.23)

= 22

iterations and it holds that min; ¢ vf[x*](xi) < ¢ and g()?k) <e.

Proof First, let us prove that the inequality in the stopping criterion holds for k
defined in (8.23). Denote [k_] ={i e{0,...,k—1}},J =[k]\ I. By (8.5), we have
that, forany j € J, [Vg(x/)|lg,« < Mg. Hence, since |I| + |J| = k, by (8.23), we
obtain

1 J k 20}
1+ >+ s ="

i\ 12 — 2 — 27 — 2
= IVe@NIE, M2 = max{1, M2}~ e



8 Mirror Descent for Convex Constrained Problems 195

Algorithm 3 Adaptive mirror descent (general convex objective)
Input: accuracy ¢ > 0; O s.t. d(xy) < @02.
1 20 = argmind(x).
xeX

2: Initialize the set / as empty set.

3: Setk =0.
4: repeat
5:  if g(x*) < ¢ then
. — &
6 =19 b
7: KU = Mirr[x*1(h V £ (x%)) (“productive step™)
8 Add kto 1.
9: else
. — &
10: = v,
11: KU = Mirr[x* 1 (he V g(xk )) (“non-productive step”)
12: end if
13: Setk=k+ 1. ,
. : 1 20
14: until || +jEJ IVehiZ, =

Output: x* :=argmin,; ;; f(x/)

From Lemma 1 with u = x, and A = 0, by the definition of %;, i € I, we have,
foralli € I,

V)

evsle] () = 8<||Vf(xf)||E,*’

xt— x*> = hi (Vf(xD), x' = x,)

2 . . .
5 IVF O + VI 1) — VI

52 . .
=, 7t VX'l — VI (x,). (8.24)

IA

Similarly, by the definition of &;,i € J, we have, foralli € J,

e(g(x’) — g(xs))

Ve I2 = hi(g() — gx)) = ) IVEHIIE . + VIX'10e0) = VIX (e

2

i
2
2

= : + VI o) = VI ).
2|Ve(eHI

Whence, using that, forall i € J, g(x) — g(x4) > g(x") > &, we have

82

_ i vyt _ 5
2V, + VIx' () = VX' 1(x) > 0 (8.25)
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Summing up inequalities (8.24) for i € I and applying (8.25) for i € J, we obtain

2
. . . & 2
e|1|1}1€1}w,»[x*](x’) <& vslnla) < ) EXCEDY

iel ieJ

g2

2V,
where we also used that, by definition of xY and (8.8),
VIX%l0n) = d(x) —d(x”) — (Vd(x°), x — x°) < d(x.) < 6.
If the stopping criterion in Algorithm 3 is fulfilled, we get
£|I|rl_réi1nvf[x*](xi) < &1
Since the inequality is strict, the set / is not empty and the output point X¥ is

correctly defined. Dividing both sides of the last inequality by £|7|, we obtain the
first statement of the Theorem. By definition of x*, it is obvious that g()Ek) <e. O

To obtain the complexity of our algorithm in terms of the values of the objective
function f, we define non-decreasing function

max{f(x) — f(xs) : |x — x4llg < 7} T >0,
w(r) =1 *<X (8.26)
0 7T <0.

and use the following lemma from [21].

Lemma 3 Assume that f is a convex function. Then, for any x € X,

F(x) — fx) < o@rlxd(x)). (8.27)

Corollary 1 Assume that the objective function f in (8.1) is defined as f(x) =
max;e(1,..,m} fi(x), where f;, i = 1,...,m are differentiable with Lipschitz-
continuous gradient

IVAix) = Vfimles < Lillx —ylle VYx,ye X, i€fl,....m}. (8.28)

Then ¥ is Z-solution to (8.1) in the sense of (8.6), where

€ = max{e, & nllax IV fixolex+ &2 _ nllax L;/2}.
i=1,....m i= m

,,,,,

Proof As it was shown in Theorem 5, g(x%) < e. It follows from (8.28) that
1 2
Ji(x) < filx) +{V fi(xe), x — x) + 2Li||x — x«llE

1 .
= file) HIV i)l sllx = xalle +  Lillx —xll, i=1...,m
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2 . .
Whence, (t) < tmaxi=1,.m |V fi @)llgs+ "5 " By Lemma 3, non-

decreasing property of w and Theorem 5, we obtain
SE) = [ =min f() = f(r) < mine([x](6))
< o(minvy[x] () < ()
[AS]

.....

e, I{laX IV fitxollg« +
i=1,...m

8.4 Randomization for Constrained Problems

In this section, we consider randomized version of problem (8.1). This means that
we still can use the value of the function g(x) in an algorithm, but, instead of
subgradients of f and g, we use their stochastic approximations. We combine the
idea of switching subgradient method [25] and Stochastic Mirror Descent method
introduced in [16]. More general case of stochastic optimization problems with
expectation constraints is studied in [14]. We consider convex problems as long as
strongly convex and, for each case, we have two types of algorithms. The first one
allows to control expectation of the objective residual f(X) — f(x,) and inequality
infeasibility g(x), where X is the output of the algorithm. The second one allows to
control probability of large deviation for these two quantities.

We introduce the following new assumptions. Given a point x € X, we
can calculate stochastic subgradients V f(x, £), Vg(x, ¢), where £, ¢ are random
vectors. These stochastic subgradients satisfy

E[Vf(x,©)]=Vf(x)€dfx), E[Vgx, ¢)]=Vgk) € dgx), (8.29)
and
VI EMEex <My, IVE(X,OllEx < Mg, as.in§,¢. (3.30)

To motivate these assumptions, we consider the following example.

Example 1 ([3]) Consider Problem (8.1) with

Fl) = ;<Ax,x>,
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where A is given n x n matrix, X = S(1) being standard unit simplex, i.e.,
X={xeR:>"  xi=1}and

g(x) = ma }{(Ci,x>},

.m

where {c;}"_ are given vectors in R".

Even if the matrix A is sparse, the gradient V f (x) = Ax is usually not. The exact
computation of the gradient takes O (n2) arithmetic operations, which is expensive
when n is large. In this setting, it is natural to use randomization to construct a
stochastic approximation for V f(x). Let £ be a random variable taking its values
in {1, ..., n} with probabilities (x1, ..., x,) respectively. Let A% denote the i-th
column of the matrix A. Since x € S, (1),

n)

-

E[A(S)] =AM ]p(%- — 1) 4o Al ]p(g

-~
X1 Xn

=ANx 4.+ A, = Ax.

Thus, we can use A% as stochastic subgradient, which can be calculated in O (n)
arithmetic operations.

8.4.1 Convex Objective Function, Control of Expectation

In this subsection, we consider convex optimization problem (8.1) in randomized
setting described above. In this setting the output of the algorithm is random. Thus,
we need to change the notion of approximate solution. Let x, be a solution to (8.1).
We say that a (random) point X € X is an expected e-solution to (8.1) if

Ef(x)— f(x4) <e, and g(X) <e as. (8.31)

We also introduce a stronger assumption than (8.8). Namely, we assume that we
know a constant ®y > 0 such that

sup V[x1(y) < OF. (8.32)
x,yeX

The main difference between the method, which we describe below, and the method
in [14] is the adaptivity of our method both in terms of stepsize and stopping rule,
which means that we do not need to know the constants My, M, in advance. We
assume that on each iteration of the algorithm independent realizations of £ and
¢ are generated. The algorithm is similar to the one in [3], but, for the sake of
consistency with other parts of the chapter, we use slightly different proof.
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Algorithm 4 Adaptive stochastic mirror descent
Input: accuracy ¢ > 0; @ s.t. V[x](y) < (902, Vx,y € X.
120 = argmind(x).
xeX

2: Initialize the set / as empty set.

3: Setk =0.
4: repeat
5:  if g(x*) < e. then
6: My = [V fF ED g .
k _
7: hy = (")()( > Mf) ]/2.
i=0
8: XK = Mirr[x¥ (e V £ (6%, £%)) (“productive step”).
9: Add kto 1.
10: else
1 M = Vg, e g
k —1/2
12: hy = @0( » M}) .
i=0
13: k= Mirr[xk](thg(xk, ) (“non-productive step”).
14: end if

15: Setk =k+ 1.
o k=1 1/2
16: until k > 2(5)0 ( 'Zo Mlz) .
i=

Output: ¥ = |}‘ 3 Xk
kel

Theorem 6 Let equalities (8.29) and inequalities (8.30) hold. Assume that a known
constant &y > 0 is such that V[x](y) < @8, Vx,y € X. Then, Algorithm 4 stops
after not more than

(8.33)

4 max{M?3, Mgz,}@g
g2

iterations and x* is an expected e-solution to (8.1) in the sense of (8.31).

Proof First, let us prove that the inequality in the stopping criterion holds for k

defined in (8.33). By (8.30), we have that, for any i € {0,...,k — 1}, M; <
1/2

k—1 )
max{M s, My}. Hence, by (8.33), > _ZOM} < 2% max{My, Mg}Vk < k.
j:
Denote [k] ={i € {0,...,k—1}},J =[k]\ ] and

(VG ED = V() x — xT), ifi € ],

T {(Vg(xi, g‘l) _ Vg(xi),x* _xi>, ifieJ (834)
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From Lemma 1 with u = x, and A = V f(x, £) — V f(x'), we have, forall i € I,

i hz2 iogiy)2 i i+1
hi(f(x') — f(xs) < ) IVfx EDNE « + VIX' 1) — VIX™ 1(xs) + hidi
and, from Lemma 1 withu = x, and A = Vg(xi, ;i) — Vg(xi), foralli € J,
i hlZ i eing2 i i+1
hi(g(r') = g(e0) = IVEE! ¢ + VIX106) = VIX™ 0 + hidi.

Dividing each inequality by A; and summing up these inequalities for i from 0 to
k — 1, using the definition of &;, i € {0, ..., k — 1}, we obtain

DG = f@)) + D (e — g(x)

iel ieJ

hiﬂlg 1 .
< "+ VIx' 1) — VX @) + ) 6 (8.35)
;ez[;] 2 iEZ[;] h"( o ) 2

ielk]

Using (8.32), we get

k—1
>, (VI = vir ™)
i=0 !
= 1V[x°]<x*>+§( L Deie) - v
ho = Vhivr o hi hi—1

2 2
-9 o (1 _1>=(~)0'
~ ho 0 i Vit hi hi—1

Whence, by the definition of stepsizes #;,

i i hiMiz @g
P —fa)+ Y (gah —ga) = 3 T+ 0+ Y b
iel ieJ ielk] k=1 ek
k—1 2 k—1 12
O, M:
<> 1/2+(~JO(ZM,-2) +3 5
i=0 (le:o M]2) i= i€lk]

1\ 12
<26y (Z M}) + Y8
ielk]

i=0
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. Lokl M -1 o\2
where we used inequality > ' ., < 2 (Zi:o Mi) , which can be
i=0 (X MJZ)
proved by induction. Since, fori € J, g(x’) — g(x4) > g(x’) > &, by convexity of
f, the definition of X¥, and the stopping criterion, we get

k—1 12 k—1 k—1

I1(f G5 = fxo) <ell| — ek + 2@0(2 M,?) +Y 8 <elll+ )&
i=0 i =0 i=0

(8.36)

Taking the expectation and using (8.29), as long as the inequality is strict and the
case of / = ¢ is impossible, we obtain

EfGR) — f(x) <e. (8.37)

At the same time, for i € [ it holds that g(xi ) < e. Then, by the definition of x* and
the convexity of g,

1 .
g < Y e <e.

B |I| iel

8.4.2 Convex Objective Function, Control of Large Deviation

In this subsection, we consider the same setting as in previous subsection, but
change the notion of approximate solution. Let x, be a solution to (8.1). Given
e >0ando € (0, 1), we say that a point x € X is an (g, o)-solution to (8.1) if

P{f®) —fx)=e, gRX)=e}=1-o. (8.38)

As in the previous subsection, we use an assumption expressed by inequality
(8.32). We assume additionally to (8.30) that inequalities (8.5) and (8.7) hold.
Unfortunately, it is not clear, how to obtain large deviation guarantee for an adaptive
method. Thus, in this section, we assume that the constants My, M, are known
and use a simplified algorithm. We assume that on each iteration of the algorithm
independent realizations of £ and ¢ are generated.

To analyze Algorithm 5 in terms of large deviation bound, we need the following
known result, see, e.g., [10].

Lemma 4 (Azuma-Hoeffding Inequality) Ler n', ..., n" be a sequence of inde-
pendent random variables taking their values in some set &, and let Z =
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Algorithm 5 Stochastic mirror descent

Input: accuracy & > 0; maximum number of iterations N; My, M, s.t. (8.5), (8.7), (8.30) hold.

1: x0 = argmind(x).
xeX

2: Seth = max{Aj},Mg)'

3: Setk =0.

4: repeat

5: ifg(xk) < ¢. then

6: Xk = Mirr[xk](th(xk, Ek)) (“productive step”).

7. Add kto 1.

8 else

9: Xk = Mirr[xk](th(xk, cky) (“non-productive step”).
10: end if

11: Setk =k + 1.
12: until k > N.
Output: If / # ¢, then % = |}\ 3" x*. Otherwise x* = NULL.

kel
o', ..., n") for some function ¢ : E™ — R. Suppose that a. s.
[EBIZIn',....n"1=EIZIn',....n'" N[ <, i=1,....n,
where c;, i € {1, ..., n} are deterministic. Then, for eacht > (0

2
IP’(Z—IEZZt)SeXp{— Z }
2

Theorem 7 Let equalities (8.29) and inequalities (8.5), (8.7), (8.30) hold. Assume
that a known constant ©y > 0 is such that V[x](y) < ©2, Vx, y € X, and the
confidence level satisfies o € (0, 0.5). Then, if in Algorithm 5

max{M?3, Mg}@g 1
N = ’770 ) In —‘, (8.39)
& o
x* is an (e, o)-solution to (8.1) in the sense of (8.38).

Proof Letus denote M = max{My, M,}. In the same way as we obtained (8.35) in
the proof of Theorem 6, we obtain

RY (FG6D = f))+h Y (8(x) — g(x)
iel ie
k—1

+ VI + R )6,
i=0

h2M2k
<
- 2
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wheye 8i,1 =0,...,k— 1 are defined in (8.34). Since, fori € J, g(xi) —g(xy) >
g(x") > &, by convexity of f, the definition of % and h, we get

2k k—1
RIN(f(E5) = f(xe)) < eh|I| — 2£M2 +OF+hY 6. (8.40)
i=0

Using Cauchy-Schwarz inequality, (8.5), (8.7), (8.30), (8.32), we have

h|8i| < 2hM|x" — x*||

. ®
< 2hMV2V[xi](x*) < 2V2hM©y = 2¢28M°.
k-1 k—1
Now we use Lemma 4 with Z = ) hd;. Clearly, EZ = IE[ > hSi] = 0 and we
i=0 i=0

can take ¢; = 24/2 8130. Then, by Lemma 4, for each r > 0,
k—1 2 242
t M
P hé; >ty <exp| — =exp| — .
!Z ' }‘ i IS p( 1682@3k>
i=0 2 Z c;
i=0

In other words, for each o € (0, 1)

k—1
]P’!Zhsi > 43;)0\/k1n (i)} <o.

i=0
Applying this inequality to (8.40), we obtain, for any o € (0, 1),
PARITI(f ) = fx) < ehlT] kL 0r O (1) > 1
X)) — fxy) <& - G n — 0.
: om2 0T M o)~

Then, by (8.39), we have
2
2k, 486y 1 o 71 1 1
+ O+ kin( ) <@f (= m( )+1+4m(_ )V

M2 M o 2
31
H2 —
< 62 ( JIn (G) + 1). (8.41)
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Since o < 0.5 < exp(—2/3), we have —% In (;) +1 < 0and

P ih|1|(f()€k) — (M) < h|I|s} >1—o

Thus, with probability at least 1 — o, the inequality is strict, the case of I = § is
impossible, and ¥ is correctly defined. Dividing the both sides of it by & - |I], we
obtain that P { f (%) — f(x*) <&} > 1 — 0. At the same time, for i € I it holds
that g(xi ) < e. Then, by the definition of x* and the convexity of g, again with
probability at least 1 — o

1 .
g(¥*) < " Y el <e

iel

Thus, %¥ is an (&, o)-solution to (8.1) in the sense of (8.38). |

8.4.3 Strongly Convex Objective Function, Control of
Expectation

In this subsection, we consider the setting of Sect.8.4.1, but, as in Sect. 8.3.2,
make the following additional assumptions. First, we assume that functions f
and g are strongly convex. Second, without loss of generality, we assume that
0 = argmin,cy d(x). Third, we assume that we are given a starting point xo € X
and a number Ry > 0 such that || xg — x4 ||% < R(2). Finally, we make the following
assumption (cf. (8.18)) that d is bounded in the following sense. Assume that x, is
some fixed point and x is a random point such that E, [||x — Xy ||%] < R?, then

()<

where §2 is some known number and [E, denotes the expectation with respect to
random vector x. For example, this assumption holds for Euclidean proximal setup.
Unlike the method introduced in [14] for strongly convex problems, we present a
method, which is based on the restart of Algorithm 5. Unfortunately, it is not clear,
whether the restart technique can be combined with adaptivity to constants M ¢, M.
Thus, we assume that these constants are known.

The following lemma can be proved in the same way as Lemma 2.

Lemma 5 Let f and g be strongly convex functions with the same parameter |1 and
X« be a solution of problem (8.1). Assume that, for some random x € X,

Ef(X) — f(xs) <&, gx) <e.
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Then
J7.
L EIE =l <e.

Theorem 8 Let equalities (8.29) and inequalities (8.30) hold and f, g be strongly
convex with the same parameter (. Also assume that the prox function d (x) satisfies
(8.42) and the starting point xo € X and a number Ry > 0 are such that ||xo —
x*||2E < R(z). Then, the point x), returned by Algorithm 6 is an expected g-solution
to (8.1) in the sense of (8.31) and E||x, — x*||%E < ig At the same time, the total
number of inner iterations of Algorithm 5 does not exceed

uR2 . 3202 max{M7$, M7}

8.43
2¢e e ( )

log,

Proof Let us denote M = max{M ¢, M,}. Observe that, for all p > 0, the function
dp(x) defined in Algorithm 6 is 1-strongly convex w.r.t. the norm || - ||[g/R. The
conjugate of this norm is R, || - || g,«. This means that, at each outer iteration p, M
changes to M R,_1, where p is the number of outer iteration. We show by induction
that, for all p > 0, E|lx, — x+|% < R3. For p = 0 it holds by the definition of xo
and Ry.

Let us assume that this inequality holds for some p — 1 and show that it holds
for p. At iteration p, we start Algorithm 5 with starting point x,_1 and stepsize

hp = M;R”; o Using the same steps as in the proof of Theorem 7, after N, iterations

Algorithm 6 Stochastic mirror descent (strongly convex objective, expectation
control)

Input: accuracy ¢ > 0; strong convexity parameter u; §2 s.t. E, [d(x S )} < '(22 if

1: IEx[llx — x*ll%] < RZ; starting point xo and number Ry s.t. || xg — x*ll% < R%.

2: Setdo(x) =d (*;gO).
3: Setp=1.
4: repeat
5. SetR2=R}-27P.
2

6: Sete, = ug”.

. max{M%,Mﬁ}.QRlzkl
7: Set Np = T
8: Set x, as the output of Algorithm 5 with accuracy ¢,, number of iterations N, prox-

function d),_1 (-) and g as @02.

dy(x) < d (X;;(")
10: Setp=p+1.

2
11: until p > log, “2120.
Output: x,.

b
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of Algorithm 5 (see (8.40)), we obtain

Np—1

e%,N,,
2R + Vil 16 +hp Y 68,
p—1 i=0

(8.44)

hplIp|(FER) = f(x) < ephpllp| —

where V),_1[z](x) is the Bregman divergence corresponding to d,—1(x) and I, is
the set of “productive steps”. Using the definition of d;,—1, we have

fol[xpfl](x*) = dpfl(x*) - dpfl(xpfl) - (Vdpfl(xpfl)a Xy — xpfl) =< dpfl(x*)-
Taking expectation with respect to x,_1 in (8.44) and using inductive assumption

Ellxp—1 — x*||i- < Rifl and (8.42), we obtain, substituting N,

. SIZ)NP Q Np—1
hpll X)) — hpllp| — h 3
plpl(F(5p) = F(x) < ephplly] oere 2 ;0 i

Np—1

<ephplll+hy > 6. (8.45)
i=0

Taking the expectation and using (8.29), as long as the inequality is strict and the
case of I, = ¢/ is impossible, we obtain

Ef(E5) — f(xa) < &p. (8.46)

At the same time, fori € I, it holds that g(xi) < ¢p. Then, by the definition of )Ef,
and the convexity of g,

_ 1 ;
gE) < - Y gx) <.
Il iel
)4

Thus, we can apply Lemma 5 and obtain

2¢
2 p 2
Ellxp — x4z < _Rp.

Thus, we proved that, for all p > 0, E||x, — x*||% < R,z, = R(% - 277, At the same

time, we have, forall p > 1,

uR Ry
Ef(xp) — f(xs) < 2°~2P, g(xp) < 20-21’.
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2
Thus, if p > log, MZI:" , Xp is an g-solution to (8.1) in the sense of (8.31) and

2e
Ellx, —xlz < Rg-277 <.
7
Let us now estimate the total number N of inner iterations, i.e., the iterations of

2
Algorithm 1. Let us denote p = ’710g2 MZIZO —‘ We have

p 2 max{M?2, M2}R?
N = N, < Z (1 + g 0p-1

2
€
p=1 p=l1

>

p

4 1652 max{M?%, M2)27 3202 max{(M3, M2)2P
= Z I+ 2 p2 =pr+t 2 p2
n-Ry U= R

3202 max{M7}, M7}
e '

8.4.4 Strongly Convex Objective Function, Control of Large
Deviation

In this subsection, we consider the setting of Sect. 8.4.2, but make the following
additional assumptions. First, we assume that functions f and g are strongly convex.
Second, without loss of generality, we assume that 0 = arg minyex d(x). Third, we
assume that we are given a starting point xo € X and a number Ry > 0 such that
[lx0 —xx ||%E < R(Z). Finally, instead of (8.32), we assume that the Bregman divergence
satisfies quadratic growth condition

§2 2
Vizl(x) = ) lx —zllz, x,zeX. (8.47)

where §2 is some known number. For example, this assumption holds for Euclidean
proximal setup. Unlike the method introduced in [14] for strongly convex problems,
we present a method, which is based on the restart of Algorithm 5. Unfortunately,
it is not clear, whether the restart technique can be combined with adaptivity to
constants M ¢, M. Thus, we assume that these constants are known.

Theorem 9 Let equalities (8.29) and inequalities (8.5), (8.7), (8.30) hold. Let f,
g be strongly convex with the same parameter (. Also assume that the Bregman
divergence V[z](x) satisfies (8.47) and the starting point xo € X and a number



208 A. Bayandina et al.

Ro > 0 are such that || xo — x||% < R(%. Then, the point x, returned by Algorithm 7
is an (g, 0)-solution to (8.1) in the sense of (8.38) and |x, — x*||% < if with
probability at least 1 — o. At the same time, the total number of inner iterations of
Algorithm 5 does not exceed

R2 224082 max{M3%, M?} 1 R2
log, % + lin " +In log, % .
2¢e e o 2¢e

Proof Let us denote M = max{M ¢, M}. Observe that, for all p > 0, the function
dp(x) defined in Algorithm 7 is 1-strongly convex w.r.t. the norm || - ||g/R . The
conjugate of this norm is Rp|| - || g,«. This means that, at each outer iteration p, M
changes to M R, 1, where p is the number of outer iteration.

Let Ay, p > Obetheevent A, = {|lxp — x4 ||% < R,z,} and A, be its complement.
Note that, by the definition of x¢ and Ry, Ag holds with probability 1. Denote p =

2
’710g2 “ZIZO—‘
We now show by induction that, for all p > I, P{A,|A,—1} = 1 — ‘;. By

inductive assumption, A, holds and we have ||x,_1 — x4 ||)25 < szl. At iteration
p, we start Algorithm 5 with starting point x,_1, feasible set X, and Bregman

Algorithm 7 Stochastic mirror descent (strongly convex objective, control of large

deviation)

Input: accuracy € > 0; strong convexity parameter u; §2 s.t. V[x](y) < (22 ||x—y||2 , X,y E€X;
starting point xo and number Ry s.t. ||xg — X4 ||2E < Ré.

1: Setdo(x) =d (*;3‘0).
2: Setp=1.
3: repeat
4 SetR2=Rj-27P.

2
5: Setg), = ”5".

max{M2,M2}QR?_ R2

6: Set N, = ’770 4 5]2:”’ Pn( tlog, 0 ) |
7 Set X, ={xeX:|x —xp_1||2E < Rlz;—l}'
8: Set x, as the output of Algorithm 5 with accuracy €,, number of iteration N, prox-

function d,,—1(-), £2 as @g and X, as the feasible set.

X—XP
dy(x) <—d( P )
10: Setp=p+1.

. uR?
11: until p > log, *,,°.
Output: x,.

°
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divergence V,_1[z](x) corresponding to d,_1(x). Thus, by (8.47), we have

X —Xp_1 Z—Xp_1
max V,_1[z](x) = max d( R P )—d( Rpj )

x,2€Xp x,2€Xp p—1

_<Vd<z—xp_1)’x—xp_1 B z—x[,_1>
Ry Ry Ry

Z—Xp_1 X —Xp_1
= max V P P
x,z€Xp Ry Ry
2
|x =zl

< max 2 < 2.
x,2€Xp 2R[7—1

Hence, by Theorem 7 with o, = ‘;, after N, iterations of Algorithm 5, we have

o
P{f(xp) — fx) <ep, glp) SeplAp}=1-— 5
Whence, by Lemma 2,
o
P{AplApt} =P iy —xellp < R1Apt} 217,

which finishes the induction proof.
At the same time,

P{f(xp) = fx) >e5 or glxp) > ep)
=P{fxp)— fx) >e5 or glxp) >ep|As_i UAs_1}
=P{fxp) = fx) >ep or glxp) >ep| Ap_i}P{A; 1)
A JPA; 1)

—l—IP’{f(x,;) — f(x) >ep or g(xp) > ¢

o - ) o
< 5 +P{A;_1} < 5 +P{f(xpo1) = fO) > €51 or glxs_y) > &5}
o - p—1 -
<2, +PA; ) <...<" . -0 +P{A}, (8.48)
p p

where (x) follows from Lemma 2. Using that P{A1} = P{A1]|A¢} > 1 — Z and,

hence, P{A;} < 73, we obtain

P{f(x;) — f(x) <&, glxp) <e}>=1—o.
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Hence,
2¢e
P{le,a —xlf < } >1-o.
"

Let us now estimate the total number N of inner iterations, i.e., the iterations of
Algorithm 5. We have

p 4 2 max{M3%, M3}R> 1 wR?
ZN,,§Z<1~|—7O Lo "In logy
p=1

f (1 11207 XM M2 (1 ! “R3)>
= + n 0g,
2R(2) o 2¢

p=1 H*

N

) 2 max{M?%, M2)2? 1 1R?
< p+2240 In log,

u2R3 2e

. Qmax{M37, Mz} [ 1 RS
< p+2240 MSQ In o + Inlog, e |-

8.5 Discussion

We conclude with several remarks concerning possible extensions of the described
results.

Obtained results can be easily extended for composite optimization problems of
the form

min{f(x) +c(x):x € X C E, g(x) +c(x) <0}, (8.49)
where X is a convex closed subset of finite-dimensional real vector space E,
f:X >R g: E — R, ¢c: X — R are convex functions. Mirror Descent
for unconstrained composite problems was proposed in [11], see also [29] for
corresponding version of Dual Averaging [22]. To deal with composite problems

(8.49), the Mirror Descent step should be changed to

x4+ = Mirr[x](p) = argruréi)rfl {(p, u) +d) + c(u) — (Vd (x), u)} Vx € XO,

where X is defined in Sect. 8.2. The counterpart of Lemma 1 is as follows.
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Lemma 6 Let f be some convex function over a convex closed set X, h > 0 be a
stepsize, x € XV. Let the point x be defined by x, = Mirr[x](h - (V f(x) + A)),
where A € E*. Then, for any u € X,

he(f(x) = f) +c(xy) = c) + (A, x —u))
<h-(Vfx)+A,x—u)—h-(Ve(xy),u —xy)

h2
=, IV () + Allg, + VIxI@) — Vel w).

We considered restarting Mirror Descent only in the case of strongly convex
functions. A possible extension can be in applying the restart technique to the case
of uniformly convex functions f and g introduced in [26] and satisfying

FO) = f) + (V@) y —x)+ ’;ny —x|l%, x.yeX,

where p > 2, and the same holds for g. Restarting Dual Averaging [22] to obtain
subgradient methods for minimizing such functions without functional constraints,
both in deterministic and stochastic setting, was suggested in [13]. Another option
is, as it was done in [27] for deterministic unconstrained problems, to use sharpness
condition of f and g

p
,u(min ”x_x*”E) < fx)—fi, VxeX,

Xy € X x

where f is the minimum value of f, X, is the set of minimizers of f in Problem
(8.1), and the same holds for g.

In stochastic setting, motivated by randomization for deterministic problems, we
considered only problems with available values of g. As it was done in [14], one can
consider more general problems of minimizing an expectation of a function under
inequality constraint given by EG(x, n) < 0, where 7 is random vector. In this
setting one can deal only with stochastic approximation of this inequality constraint.
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